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The odderon singularity is studied in perturbative QCD in the framework of the
Bartels-Kwiecinski-Praszalowicz (BKP) equation. Arguments for the odderon inter-
cept being exactly equal to unity are given. Besides, a variational method based on
a complete system of one-gluon functions is presented. For the odderon, the high-
est intercept calculated by this method is 1 − (Ncs=) 0:45. Comparison to other
calculations is shown.
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1 Introduction
Regge theory [1] has been used during the last 30 years to describe strong interaction
at high energies and low transferred momenta. The amplitude for the reaction papb −!
p0ap
0
b, in the limit s  m
2 ’ −t, can be expressed as a sum over Regge trajectories








with s = (pa + pb)
2 and t = (pa− p0a)
2 the Mandelstam variables and pj = i− (cos j+
p)= sinj the signature factor.
The amplitude can be decomposed as a sum over parts with denite signature, i.e.
denite behaviour under the exchange s −! −s:
A(s; t) = A+(s; t) +A−(s; t); A(s; t) = A(−s; t): (2)
As the total cross section can be related to the amplitude via the optical theorem,
tot / Im A(s; 0)=s, the behaviour at high energies will be determined by those Regge
trajectories exchanging vacuum quantum numbers and with highest intercept !(0)+1 =
j(0). For positive signature (contributing equally both to pp and pp scattering) the
trajectory with the highest intercept is called the pomeron and its intercept has been
determined [2] to be supercritical (i.e. > 1): !(t) ’ 0:08 + (0:25 GeV−2) t. The
trajectory with negative signature (contributing to the dierence between pp and pp)
has been called the odderon [3]; phenomenological ts to soft data seem to indicate
that its contribution to soft interactions at high energies is negligeable, although this
is still a matter of debate [4].
There have been several attempts to relate Regge theory to QCD. Within the
framework of perturbative QCD, in the limit s ln s  1 (leading-log approximation
in s), the so-called Balitsky-Fadin-Kuraev-Lipatov [5] (BFKL) pomeron appears as a
xed cut in the j-plane with intercept 1 + !BFKL(0) = 1 + (Ncs=)4 ln 2 (’ 1:5 for
Nc = 3 and s ’ 0:2); it corresponds to the bound state of two t-channel reggeized
2
gluons. Under the same approximation the odderon appears as the bound state of
three gluons in a symmetric colour conguration, given by the solution of the BKP [6]
equation.
Attempts to solve the odderon problem have gone in dierent directions. On the
one hand two-dimensional conformal techniques have been applied [7, 8]. On the other
hand variational methods have been used, both with conformal invariant [9, 10] and
polynomial [11] trial functions. This constitutes a rst step towards the unitarization
[12] of QCD at high energies, which, together with next-to-leading-log corrections [13],
are expected to give full consistency to the whole approach [14].
In this contribution we will treat the following aspects [11]: In Sect. 2 arguments
will be presented for the odderon intercept being exactly unity. In Sect. 3 a variational
method will be proposed. Finally in Sect. 4 some numerical results and comparison to
other calculations will be shown.
2 Argument for intercept equal to unity
The BKP equation for three gluons with transverse momenta q1; q2; q3 can be written
in a Hamiltonian form with E = 1− j:
H = E ; H = T1 + T2 + T3 + U12 + U23 + U31: (3)
In units of Ncs=,









with (q) = q2 + m2, is the gluon Regge trajectory. In (3) the dependence on m
vanishes, so the BKP equation is infrared stable [6, 15].




(2)(q1 + q2 + q3 − q)=[(q1)(q2)(q3)];











Here the Vij’s are BFKL interaction kernels for 2 gluons in a vector colour state (a















− (q1 + q2)
#
: (6)
Due to the bootstrap identity [16]:
Z
d2q01







2) = !(q1) + !(q2)− !(q1 + q2); (7)
for q = q1 + q2 + q3 = 0,  B(q1; q2; q3) =  0 is a solution with maximal symmetry
which gives E = 0. This solution does not fulll the gauge invariance requirement
 B(qi = 0) = 0 and for m! 0 it decouples from the physical spectrum, but still oers
a lower bound for the energy (as the state with jnj = 1,  = 0 for the jnj = 1 sector in
the BFKL pomeron [17]). More elaborated mathematical arguments can be found in
[11].
3 Variational method








q2i ; H = (1=2)(H12 + H23 +H31) (8)

















k + (i$ k)
i
 
+ 2(qi + qk)
2 (ri − rk = 0): (9)
As usually, the variational approach provides us with an upper bound for the ground











j = 1: (10)
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As trial function we choose a linear combination of one-gluon functions:













2 = 1 (12)
and c1;2;3 fully symmetric in 1; 2; 3.









multiplied by the identity for the third gluon and symmetrized in (1; 2; 3) and (10; 20; 3).
Our concrete choice of trial basis are the harmonic oscilator eigenfunctions:
 (r) =  k;l(z) exp il; z = ln r
2;  k;l(−1) = 0;
k(z) = ckHk(z) exp(−z2=2) = (@ + (1=2)jlj) k;l(z); (14)
with Hk(z) the Hermite polynomials.
4 Numerical results
From our numerical experience the best results are obtained with jlj  lmax, k =
0; 1; :::; (lmax + 1 = r). They are shown in Table 1.
These results are related to the corresponding intercepts as
1 + !BFKL(0) = 1−
Ncs







The dimension of the matrix grows, for the three-gluon case, from 12 (r = 2) to 3368
(r = 6). For r = 1 the potential energy Uik vanishes and one gets the kinetic energy
per gluon, i.e. 2 = 3 in this case. It can be seen that the convergence of the method
is quite slow.
In Table 2 we compare our results to other calculations. Our lower bound is com-
patible with our previous argument of 3 = 0 but weaker than that of [10], which gives
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Table 1: Lowest eigenvalues of (8),(9) for the two- (2) and three-gluon (3) bound










a supercritical odderon; this discrepancy may have a numerical origin. As to the results
of [8], they are in principle exact but contain some semiclassical approximation whose
reliability is dicult for us to quantify. So our conclusion is that the odderon intercept
lies in the interval 0:91 1:79 (for Nc = 3 and s = 0:2).
To quantify the existing uncertainty in more practical terms, let us consider the
process γp ! cp, i.e. diractive photoproduction of c. The corresponding cross-
section has been estimated [18] to be (γp ! cp) = D  (47  100) pb; D =
(x)−2!odd(0). From the previous considerations, D (for Nc = 3 and s = 0:2) lies in
the range 0:3  55000 for HERA (x ’ 10−3). Clearly this reaction, in case it could
be studied experimentally, is very sensitive to the value of the odderon intercept and
oers a good opportunity to measure it.
In conclusion we have studied the odderon singularity as solution of the BKP equa-
tion for three colour-symmetric gluons and given an argument for the odderon intercept
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Table 2: Comparison of our results to other calculations of the odderon intercept.
−(3=2)3 1 + !odd(0) for
Nc = 3, s = 0:2
Our result  −0:45  0:91
Ref. [10]  0:37  1:07
Ref. [8] 2:41 1.46
Upper bound from [9]  4:16  1:79
to be equal to unity. Besides a variational method to compute it has been presented and
its results compared to other calculations. The odderon intercept lies in the interval
1− (Ncs=)0:45  jodd(0) = 1 + !odd(0)  1 + (Ncs=)4:16.
Acknowledgments
The authors thank J. Bartels, P. Gauron, G. P. Korchemsky, L. N. Lipatov, B. Nicolescu
and S. Wallon for useful discussions and the organizers for such a nice meeting. N.




[1] P. D. B. Collins, Regge Theory and High Energy Physics (Cambridge University
Press, Cambridge, 1977).
[2] A. Donnachie and P.V. Landsho, Nucl. Phys. B267, 690 (1986).
[3] L. Lukaszuk and B. Nicolescu, Lett. Nuovo Cimento 8, 405 (1973).
[4] J.-R. Cudell, K. Kang and S. K. Kim, preprint SNUTP-95-103 (hep-ph/9601336);
P. Gauron, B. Nicolescu and O. V. Selyugin, Phys. Lett. B397, 305 (1997).
[5] E. A. Kuraev, L. N. Lipatov and V. S. Fadin, Sov. Phys. JETP 44, 433 (1976);
45, 199 (1977); Ya. Ya. Balitsky and L. N. Lipatov, Sov. J. Nucl. Phys. 28, 822
(1978).
[6] J. Bartels, Nucl. Phys. B175, 365 (1980); J. Kwiecinski and M. Praszalowicz,
Phys. Lett. B94, 413 (1980).
[7] L. N. Lipatov, JETP Lett. 59, 571 (1994); L. D. Faddeev and G. P. Korchemsky,
Phys. Lett. B342, 311 (1995); Z. Maassarani and S. Wallon, J. Phys. A28, 6423
(1995).
[8] G. P. Korchemsky, Nucl. Phys. B443, 255 (1995); B462, 333 (1996); in Proceed-
ings of the 28th International Conference on High Energy Physics, eds. Z. Ajduk
and A. K. Wroblewski (World Scientic, Singapore, 1997), p. 713.
[9] P. Gauron, L. N. Lipatov and B. Nicolescu, Phys. Lett. B260, 407 (1991).
[10] P. Gauron, L. N. Lipatov and B. Nicolescu, Z. Phys. C63, 253 (1994).
[11] N. Armesto and M. A. Braun, Santiago preprint US-FT/9-94 (hep-ph/9410411);
US-FT/7-96 (hep-ph/9603218) (Z. Phys. C to appear).
8
[12] L. N. Lipatov in Perturbative Quantum Chromodynamics, ed. A. H. Mueller (World
Scientic, Singapore, 1989), p. 411; J. Bartels, Phys. Lett. B298, 204 (1993); Z.
Phys. C60, 471 (1993).
[13] G. Camici in these proceedings; L. N. Lipatov in these proceedings.
[14] A. H. Mueller, Phys. Lett. B396, 251 (1997); G. Camici and M. Ciafaloni, Phys.
Lett. B395, 118 (1997).
[15] T. Jaroszewicz, Acta Phys. Pol. B11, 965 (1980).
[16] L. N. Lipatov, Sov. J. Nucl. Phys. 23, 338 (1976).
[17] L. N. Lipatov, Sov. Phys. JETP 63, 904 (1986).
[18] J. Czy_zewski et al., Phys. Lett. B398, 400 (1997); R. Engel et al., preprint DESY
97-139 and NTZ 16/97 (hep-ph/9707362).
9
